Abstract. We give the stable splitting of the spectra bu ∧ BSO(2n), which completes the question of finding the stable splitting of the complex connective K-theory of classifying spaces of special orthogonal groups.
Motivation
The stable splitting of the spectra bu ∧ X started with E. Ossa's computation of bu ∧Σ −2 BZ/2∧BZ/2(see [8] ), followed by Bruner and Greenlees giving more results on bu ∧ BG in [5] , BG the classifying space of some finite group G. For infinite Lie groups, Tsung Hsuan Wu proved that bu ∧ BSO(2n + 1) also has a stable splitting [15] . In this paper I show that the stable splitting of bu ∧ BSO(2n) is in fact equivalent to a wedge sum of spectra related to the splitting of bu ∧ BSO(2n − 1).
Introduction
In this paper our cohomology has Z/2 coefficients, soH * (X) would always stand forH * (X, Z/2). A will denote the mod 2 Steenrod Algebra, bu is the spectrum of the complex connective K-theory, with H * (bu) ∼ = A//A(Q 0 , Q 1 ) ∼ = A ⊗ E Z/2, E = Z/2 Q 0 , Q 1 the exterior algebra over the Milnor primitives Q 0 and Q 1 . HZ/2 is the Z/2 Eilenberg-MacLane spectrum. If Y is a spectrum, then Σ m Y is the suspended spectrum increased by m degrees. The tensor product ⊗ will stand for ⊗ Z /2 , so all the spectra and its homotopy equivalences in this paper are 2-localised. It is a standard fact that H * (BSO(n)) = Z/2[ ω 2 , ω 3 , · · · , ω n ], ω i ∈ H i (BSO(n)) is the i-th Stiefel-Whitney class. We first give our result on the splitting: Theorem 1. For every n ≥ 2, we have a stable splitting
where M SO 2n is the Thom space constructed from BSO(2n). α are the degress of the free generators of the free E-submodule M 2n−1 ofH * (BSO(2n − 1)), while β are the degrees of trivial generators of the E-submodule D 2n−1 , withH
Before showing the construction of the splitting we first give some previous related results as background.
Theorem 2 (Theorem 1.2 of [17] ). For ∀n ≥ 1, there is a stable splitting
where α = degd j , d j are the free E-generators of M . β and their degrees corresponds to trivial generators of D *
1 . γ and their degrees corresponds to the monomials ω 2 2m1 ω 4 2m2 · · · ω 2l 2m l , 2l < n.
One must find the E-module structure of H * (BO(n)) before it can show the stable splitting. Theorem 2 has its roots in Wilson's earlier paper [14] , when he was trying to determine the complex cobordism of BO(n), which gave H * (BO(n)) as a sum of E j -modules with generators, E j = Z/2 Q 0 , Q 1 , · · · , Q j−1 is the exterior algebra of Q i , 0 ≤ i ≤ j ≤ n. After that they went on to build a stable map by analyzing each monomial E-generator to see if there is a topological map that realises them. The next 2 theorems are attributed to [15] :
and M 2n+1 is a free E-module with a basis of E-generators T 2n+1 = t i |j ∈ Λ 2n+1 . Theorem 4 (Theorem B of [15] ). For each n ≥ 1, there is a stable splitting
where α = degt j are the degrees of the generators of M 2n+1 , and β are the degrees of the trivial generators of D 2n+1 .
Some definitions here. In terms of E-modules, we mean a Z/2-module M equipped with the module homomorphism ϕ : E ⊗ M → M , defined by E-actions on the elements of M , that is ϕ(e ⊗ m) = e(m), e ∈ E. A E-module is free if it has a basis of free E-generators. A trivial E-module has a generating set of elements such that every E-action excluding the identity acting on it results in zero. Now to show the splitting of bu ∧ BSO(2n + 1), first one uses the Adams spectral sequence [1] to calculate the E 1, * 2 term ofbu * (BO(n)), which is the group Ext
, where E * = Z/2 ξ 1 , ξ 2 is the exterior algebra over the Milnor generators ξ 1 and ξ 2 of the dual Steenrod algebra
. The E-module structure ofH * (BO(n)) has already been determined in [17] , so one can calculate the Ext groups from the bar and cobar resolutions. In [15] one uses the epimorphism
With the knowledge of Ext
, the E-module structure of H * (BSO(2n + 1)) can be determined, and with it the topological splitting of bu ∧ BSO(2n + 1). Unfortunately this fails for the even case because the homomorphism of the Ext groups
is not surjective because there is no stable Becker-Gottlieb transfer of the kind BSO(2n) → BO(2n − 1) (see [4] ).
Luckily the splitting of bu ∧ BSO(2n) is actually related to bu ∧ BSO(2n − 1) through its E-module structure, in simple wordsH * (BSO(2n−1)) is an E-submodule ofH * (BSO(2n)). With this special property we can draw out the general E-module structure ofH * (BSO(2n)) and find a suitable splitting.
3. E-module structure ofH * (BSO(2n))
Before we prove our results some basic machinery must be mentioned. The Milnor primitives Q i are related to the Steenrod Squares [12] 
Proposition 1 (Wu formula [16] ). For the Stiefel-Whitney classes ω m ,
Take note that Q i has the property Q i (xy) = Q i (x)y + xQ i (y), which is helpful in our calculations. For H * (BSO(n)), if 2m ≤ n, then Q 0 ( ω 2m ) = ω 2m+1 , and
We now find the E-Module structure ofH * (BSO(2n)). Since this is a polynomial ring and the Stiefel Whitney classes are algebraically independent, it can also be viewed as
) and H * (BSO(2n − 1)) are related as polynomial rings
The generators of the E-modules D 2n−1 and M 2n−1 is described in [15] , but the monomial generators inH * (BSO(2n − 1)) might not behave the same way when applied to the E-action inH * (BSO(2n)), owing to the fact that it has an extra variable ω 2n . Luckily Proposition 1 tells us that all the E-actions of ω i , 2 ≤ i ≤ 2n − 1 inH * (BSO(2n − 1)) remain the same as inH * (BSO(2n)), so it's an Esubmodule ofH * (BSO(2n)). We only need to worry about ω 2n . Q 0 ( ω 2n ) = 0, Q 1 ( ω 2n ) = ω 3 ω 2n , and no ω i can map to ω 2n through the E-actions, so this actually says that every H * (BSO(2n − 1)) ω 2n k is in fact an E-submodule ofH * (BSO(2n)):
Proof. For any x ∈H * (BSO(2n − 1)), Q i (x) does not contain any factor of ω 2n inH * (BSO(2n)), plus the E-actions of ω i remains the same when they belong toH * (BSO(2n − 1)),H * (BSO(2n)) respectively. As for x ω 2n
So one can see thatH * (BSO(2n)) is actually an infinite direct sum of Esubmodules H * (BSO(2n − 1)) ω 2n k andH * (BSO(2n − 1)). Naturally one would go on and analyze each submodule to decompose them into a sum of E-generators, but that is not needed. The main reason is even if we did, then we might not be able to find a suitable spectra representing them. NowH
, and the quotientH * (BSO(2n))/H * (BSO(2n− 1)) ∼ = k≥1 H * (BSO(2n− 1)) ω 2n k = H * (BSO(2n)) ω 2n actually corresponds to the cohomology of the Thom space M SO 2n of BSO(2n), which by the Thom isomorphism theorem,H * (M SO 2n ) ∼ = H * (BSO(2n))µ 2n , µ 2n the unique Thom class of degree 2n. One can see this by looking at the sphere bundle map BSO(2n − 1) → BSO(2n) → M SO 2n , where M SO 2n is the mapping cone [13] . Taking the cohomology we have a short exact sequence
Which sends µ 2n to ω 2n . Combined with the facts above, this can be seen as a split exact sequence. All we need to verify is that the E-module structure ofH * (M SO 2n ) is the same asH * (BSO(2n))/H * (BSO(2n − 1)).
Proof. We need to show the E-actions of elements inH * (M SO 2n ) is the same as the corresponding elements inH
, which behaves exactly the same as any x ω 2n ∈ H * (BSO(2n)) ω 2n , plus the fact that µ 2n is freely generated over H * (BSO(2n)) and cannot be generated from H * (BSO(2n)) by the E-actions, soH
Remark 1. From Lemma 1, each E-submodule H * (BSO(2n − 1)) ω 2n k can be decomposed as sums of E-monomial generators. If k is even, then it consists of free generators t i ω 2n k and trivial generators
But for k odd, besides the free E-generators it contains, it has a set of E-generators of the form t j ω 2n k , d J ω 2n k which are subject to the relation Q 0 Q 1 = 0. The free and trivial generators have spectra to identify with, but the relational generators does not correspond to any known spectra. This is why we do not decompose the submodules furthur.
Hence every E-generator of H * (BSO(2n)) ω 2n can correspond to a generator ofH * (M SO 2n ), and vice versa. With the E-module structure ofH * (BSO(2n)) settled, the stable splitting can be constructed.
Splitting of the spectra
We now can find the stable splitting of bu ∧ BSO(2n). The E-module structure tells us certain information about what the splitting of the spectra looks like. But first we have to use Liulevicius's theorem [7] to get from the original cohomology ring to the E-module algebra:
Proposition 2 (Proposition1.7 of [7] ). A is a Hopf algebra, and B is a Hopf subalgebra of A, while M and N are left A-module and left B-modules respectively. We have the isomorphism
So one can easily see that the Steenrod algebra A is a Hopf algebra, and E is a Hopf subalgebra of A, the cohomology rings are the left A-modules. Now M, N are left A-modules with A-actions µ M , µ N , M ⊗ N is also a left A-module with A-action defined by the following map:
the first is the diagonal map tensored with the identity maps, the second map is the twist map a ⊗ m → m ⊗ a tensored with identities. The notation described above Remark 2. According to the proposition, if we set N = Z/2 and B = E, the isomorphism becomes θ :
, and is given by
χ is the conjugation map. The reader can check the details in [7] .
for any space X, so we replace it with BSO(2n). Using Lemma 2 and Proposition 2 we get
This is where we get to verify our construction of the maps. To prove bu ∧BSO(2n) is equivalent to the wedge sum of spectra described in the theorem, we construct a mapping Ψ :
such that it induces a mod 2 cohomology isomorphism, hence a homotopy equivalence. This map should be a wedge sum of maps that represent the monomial generators of the E-module structure ofH * (BSO(2n)). Due to the results of Section 3, we can see that there are 3 types of monomial generators which needs a suitable topological realisation, that is the representing spectra whose cohomology exactly are the Emodules generated by them. We show the construction of the maps along with the proof of the homotopy equivalence of Ψ. The first map 1 ∧ h 2n is the smash product of h 2n and the identity map of bu, h 2n is the 2-fold map, the details is described in [11] . The second map 1 ∧ φ is the smash product of the identity of bu with φ : BO(2n) → Σ β bu, which takes 1 to a trivial generator, is described in [17] . The last map is just the multiplication of the ring spectrum bu. To check the mapping of generators in cohomology, 1 ∈H * (Σ β bu) to 1 ⊗ Σ β 1 then to 1 ⊗ d, where d is the E-trivial generator inH * (BO(2n)), and finally through the 2-fold map it sends to 1 ⊗ d J , where d J is the trivial generator inH * (BSO(2n − 1)), so β is the degree of d J . Now from the A-module summand
